ABSTRACT. We show that on a separable Banach space most Lipschitz functions have maximal Clarke subdi erential mappings. In particular, the generic nonexpansive function has the dual unit ball as its Clarke subdi erential at every point. Diverse corollaries are given.
Introduction and De nitions
We shall be working in a separable Banach space E, with norm k k, whose topological dual is denoted by E and whose dual unit ball is denoted by B . For S E, a closed convex cone, the positive polar cone is de ned by: S + := fx 2 E j hx ; si 0 for every s 2 Sg: Let A E be an open bounded convex set. Throughout f : A 7 ! R denotes a Lipschitz function and is said to be nonexpansive if jf(x)?f(y)j kx?yk for all x; y 2 A while f is S-nondecreasing if f(y) f(x) whenever y ? x The Michel-Penot subdi erential @ mp f is then given by: @ mp f(x) := fx jhx ; vi f (x; v) for all v 2 Eg;
and is always a convex subset of the Clarke subdi erential but is not usually a closed multifunction. w cl @ ? f(B (x))] = fw lim xn!x x n j x n 2 @ ? f(x n )g; where the second equality follows from the w {sequential compactness of the dual unit ball, which obtains because E is separable. The central goal of this note is to show that \most" Lipschitz functions have maximal Clarke subdi erential mappings in a sense that we make precise below.
Main Result
Let C be a w*{compact convex subset of E . By the uniform boundedness theorem, C is norm bounded, say by K. De ne the support function of C: C (s) := supfhs; x ij x 2 Cg for each s 2 E. C is sublinear. As C is bounded, C is nite everywhere with Lipschitz constant K on E. If f 2 N C , then f(x) ? f(y) Kkx ? yk for all x; y 2 A, and so f is Lipschitz. Hence, N C is a special class of K{Lipschitz functions de ned on A. If 
Let (f; f 0 ) < " and f 2 N C . Consider
The last expression is greater than ?1=k by equation (2) . We may set " su ciently small such that ?2" t + f 0 (x + tv) ? f 0 (x) t ? C (v) > ? 1 k : Thus, the same t may be used, and so B(f 0 ; ") G k .
(b) G k is dense in N C . With f 2 N C , for every " > 0 we verify that open ball B(f; 3") contains a point of G k . De ne h : E 7 ! R by h(x) := f(x) ? " + C (x ? x), which is in N C by Lemma 1, and set h 1 := minff; hg; h 2 := maxff ? 2"; h 1 g: Because f; f ? 2"; h 2 N C , Lemma 2 shows h 1 2 N C , as is h 2 . Since h 1 f and f ? 2" f, we have f ? 2" h 2 f. As f; C ( ? x) are continuous at x, for 0 < < "=2 su ciently small we have for y 2 B (x), f(x) ? " 2 f(y) f(x) + " 2 and,
? " 2 C (y ? x) " 2 :
Now forx 2 B (x) we have h(x) f(x) ? " + "=2 f(x) ? " 2 f(x); and so h 1 = minff; hg = h on B (x). On the other hand, on B (x) by equations (4) and (3) For the metric~ (or many variants, for example~ (f; g) := P 1 n=1 1=2 n n (f; g)), f ! g if and only if f ! g on nB in the metric n for every n. In an entirely standard fashion, we may verify that (X C ;~ ) is complete. For xed x; v, with f 0 ; t as in equation (2) One should compare Corollary 1 with the following result due to Jouini 11 When C := fx g, a singleton, for every f 2 N C we have f(x) ? f(y) = hx ; x ? yi for x; y 2 A. Thus N C consists of all a ne functionals of the form + hx ; i. Every f 2 N C then has gradient x . Thus, it is only interesting to consider C being nonsingleton in the sequel. We next record a result for the Michel-Penot subdi erential. (ii) Every C 1 \tube" is a Clarke{subdi erential map. is a residual set in (N B \S +; ), the space of nondecreasing and nonexpansive functions. 
